Abstract. An extension of k-algebras B ⊂ A is said to have depth one if there exists a positive integer n such that A is a direct summand of B n in B Mod B . Depth one extensions of semisimple algebras are completely characterized in terms of their centers. For extensions of semisimple Hopf algebras our results are similar to those obtained for finite group algebra extensions in [3].
Introduction and Preliminaries
A depth two subgroup of a finite group is precisely a normal subgroup. This result was shown in [9] and then extended to semisimple Hopf subalgebras in [5] . The generalization of this result to an arbitrary extension of Hopf algebras was then achieved in [2] . A Hopf subalgebra of a finite dimensional Hopf algebra is of depth two if and only if it is a normal Hopf subalgebra.
For an arbitrary extension of semisimple algebras a similar to the one mentioned above also holds. The notion of normal Hopf subalgebras has to be replaced by a more general notion of normal subalgebras introduced in 1979 by Rieffel in [16] . Then the result that depth two extensions of finite dimensional semisimple algebras coincide with normal extensions was proven in [6] .
Depth one extensions of semisimple algebras are in particular depth two extensions and therefore they are normal extensions. However, despite of the complete understanding of depth two extensions, depth one extensions of semisimple algebras are not yet completely classified in the literature.
The only known results in this direction are those given in [3] for group extensions. In this paper the authors classify depth one subgroups, or equivalently depth one extensions of finite group algebras. It is proven in [3] that for a subgroup H ⊂ G and an algebraically Date: January 13, 2013. This research was partially supported by CNCSIS grant PD168 no: 14/28.07.2010.
closed field k, the extension kH ⊂ kG is a depth one extension if and only if H is a normal subgroup of G and G acts trivially on Irr(H).
In this paper we give a simple characterization for depth one extensions of semisimple algebras over an algebraically closed field of characteristic zero. We show that B ⊂ A is a depth one extension if and only if the centers of B and A satisfy Z(B) ⊂ Z(A).
Applying this result to extensions of semisimple Hopf algebras we obtain a similar result to the result for group algebras from [3] that was mentioned above. If B is a normal Hopf algebra of A, in Subsection 3. 4 we define an action of the fusion category Rep(A * ) on Rep(B) . It is shown in Theorem 3.7 that an extension B ⊂ A of semisimple Hopf algebras is a depth one extension if and only if the fusion category Rep(A * ) acts trivially on Rep(B). Throughout this paper k is an algebraically closed field of characteristic zero. Following [1] an extension of k-algebras B ⊂ A is said to have left depth two (resp. right depth two) if there exists a positive integer n such that
. It is said to have depth two if it has both left depth two and right depth two. These notions of depth were introduced in [11] and they were motivated by concepts introduced in [8] and [10] . See also [15] for other motivations arising from functional analysis. Also an extension of k-algebras B ⊂ A is said to have depth one if there exists a positive integer n such that A is a direct summand of B n in B Mod B . It is said to have depth two if it has both left depth two and right depth two.
We use Sweedler's notation for commultiplication but with the sigma symbol dropped. All other Hopf algebra notations of this paper follow the standard notations from [14] .
Depth one extensions of semisimple algebras
Let B ⊂ A be an extension of finite dimensional semisimple kalgebras. Let M 1 , . . . , M s be a complete set of isomorphism classes of simple A-modules and e 1 , . . . , e s ∈ Z(A) be their corresponding primitive central idempotents.
Similarly, let V 1 , . . . , V r be a complete set of isomorphism classes of simple B-modules and f 1 , . . . , f r ∈ Z(B) be their corresponding primitive central idempotents.
Then the algebra Z(A) ∩ B is a commutative semisimple subalgebra of both Z(A) and Z(B). Thus there are partitions Irr(A) = 
Also define a symmetric relation on 
The following Proposition is just a combined reformulation of Proposition 3.1 and Proposition 3. 
In the proof of the next theorem we need the following well known result on primitive central idempotents of semisimple algebras. This result was also proven in [6] . Proof. Suppose that B ⊂ A is a depth one extension. Since B-bimodules are B ⊗ B op -modules it follows that there is some n ≥ 1 such that A is a direct summand of B n as B ⊗ B op -modules Let as above e 1 , · · · , e s be the primitive central idempotents of A. Also let f 1 , · · · , f r be the central primitive idempotents of B.
Consider the extension of semisimple algebras
Note that the minimal two sided ideals of B ⊗ B op -modules are of the form Bf i ⊗ Bf j for all 1 ≤ i, j ≤ r. Also Bf i is a simple B ⊗ B opmodule corresponding to the minimal central idempotent
Similarly one has a decomposition 
op . Thus the simple B ⊗ B op -modules corresponding to primitive idempotents f j ⊗ f k with j = k do not appear in the decomposition of A as B ⊗ B op -module. Then Lemma 2.4 applied to the extension B ⊗ B op ⊂ A ⊗ A op implies that for all 1 ≤ i ≤ s and all j = k one has (f j ⊗ f k )(e i ⊗ e i ) = 0. But (f j ⊗ f k )(e i ⊗ e i ) = f j e i ⊗ e i f k and this implies that for all 1 ≤ i ≤ s there is a unique j with 1 ≤ j ≤ r such that e i f j = 0. Denote this index j by m(i). Thus for any 1 ≤ i ≤ s one has that
On the other hand for any j with 1 ≤ j ≤ r this implies that:
Thus f j is a central idempotent of A and Z(B) ⊂ Z(A).
The converse also holds. If Z(B) ⊂ Z(A) then one has f j = {i∈S j } e i for all 1 ≤ j ≤ r and for some pairwise disjoint subsets S j ⊂ {1, · · · , s}. Thus for all 1 ≤ i ≤ s the simple constituents of the restriction of Ae i as a B ⊗ B op -module are those of the type Bf j where j is chosen such that i ∈ S j . This implies there is n such that A is a direct summand of B n as B ⊗ B op -modules.
3. Depth one extensions of semisimple Hopf algebras 3.1. Preliminaries on semisimple Hopf algebras. Let A be a finite dimensional semisimple Hopf algebra over k. Then A is also cosemisimple [13] . Denote by Irr(A) the set of irreducible characters of A and by C(A) the character ring of A. Then C(A) is a semisimple subalgebra of A * [17] and C(A) = Cocom(A * ), the space of cocommutative elements of A * . By duality, the character ring of A * is a semisimple subalgebra of A and under this identification it follows that C(A * ) = Cocom(A). If B is a Hopf subalgebra of A recall that B is called a normal Hopf subalgebra if B is closed both under left and right adjoint action of A on itself. That is a 1 BS(a 2 ) ⊂ B and S(a 1 )Ba 2 ⊂ B for all a ∈ A. If A is a semisimple Hopf algebra then B is a normal Hopf subalgebra of A if and only if a 1 BS(a 2 ) ⊂ B for all a ∈ A.
Formulas for the central primitive idempotents. Let B ⊂
A be an inclusion of semisimple Hopf algebras over an algebraically closed field k. As before let e 1 , · · · e r be the central idempotents of A and let χ 1 , · · · , χ r be the characters associated to them. The following formula for primitive central idempotents is well known:
where Λ is the idempotent integral of A. Similarly let f 1 , · · · , f s be the central idempotents of B and α 1 , · · · , α s be the corresponding irreducible characters of B. A formula similar to the one above for the idempotents f j of B gives that:
where Γ is the idempotent integral of B.
3.3.
Simple subcoalgebras associated to a simple comodule and a formula for the integral. Let W be a simple left A * -module. Then W is a simple right A-comodule and one can associate to it a simple subcoalgebra of A denoted by C W [12] . If q = |W | then |C W | = q 2 and it is a matrix coalgebra. It has a basis {x ij } 1≤i,j≤q such that ∆(x ij ) = It can be checked that this defines an action (not necessarily monoidal in general) of Rep(A * ) on Rep(B). For the definition of the action of a monoidal category on an abelian category one can consult [7] .
We say that the action of Rep(A * ) on Rep(B) is trivial if W ⊗ M ∼ = (dim W )M for any A-comodule W and any B-module M. Proof. Suppose that B ⊂ A is a depth one extension of semisimple Hopf algebras. Then B ⊂ A is also a depth two extension and by Theorem 2.10 from [2] it follows that B is a normal Hopf subalgebra of A. Also by Theorem 2.5 above it follows that Z(B) ⊂ Z(A) and therefore
As before, denote by S j the set of all indices i with f j e i = 0. Applying formula 3.1 for each e i it follows that (3.9)
On the other hand from formula 3.2 it follows that (3.10)
Comparing the last two formulae it follows that
for all 1 ≤ j ≤ r. Note that by Frobenius reciprocity the above relation 3.13 implies that (3.14)
α j for all irreducible characters α j . Then the remark given after Proposition 3.5 implies that Rep(A * ) acts trivially on Rep(B).
The converse of the theorem is immediate. Suppose that B is a normal Hopf subalgebra of A and Rep(A * ) acts trivially on Rep(B). Then Proposition 5.8 of [4] implies that M ↓ A B is an homogenous B-module for any simple A-module M. Applying Proposition 2.2 it follows that for any 1 ≤ t ≤ u each equivalence class B t has just one element. Then formula 2.1 implies that Z(B) ⊂ Z(A) and therefore B ⊂ A is a depth one extension by Theorem 2.5.
For any subcoalgebra C of A let C ⊗ B be the B ⊗ B op -module with the structure given by
It is easy to check that C ⊗ B is a B ⊗ B op -module with the above structure. for all 1 ≤ j ≤ r. Thus Ae i regarded as B-module is a homogenous module with the isomorphism type of the simple B-module corresponding to the unique primitive central idempotent f j of B with i ∈ S j . Since A is free as left B-module it follows that ⊕ i∈S j Ae i = (Bf j )
as left B-modules. Therefore
On the other hand from the proof of Theorem 2.5 it follows that for any i with 1 ≤ i ≤ s there is a unique j such that ′ ∈ B. It is easy to verify that the multiplication map C ⊗ B → CB is a morphism of B-bimodules. Since B ⊗ B op is semisimple it follows that each B-bimodule CB is a direct summand of the bimodule B dim C . This implies that A = ⊕ C∈Irr(A * )/∼ CB is a direct summand of B n as B ⊗ B op -modules for some n ≥ 0. 1) ⇔ 4) is Theorem 3.7 from above.
